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Abstract. As a generalization of slant Riemannian maps 1171 , semi-slant Rie- 
mannian maps | 14| . almost h-slant submersions 1121 . and almost h-semi-slant 
submersions [131 . we introduce the notion of almost h-semi-slant Riemannian 

CD- 

maps from almost quaternionic Hermitian manifolds to Riemannian manifolds. 
We investigate the integrability of distributions, the harmonicity of such maps, 
the geometry of fibers, etc. We also deal with the condition for such maps to 
be totally geodesic and study some decomposition theorems. Moreover, we 
give some examples. 



1. Introduction 

Let F be a C°°-map from a Riemannian manifold {M,gM) to a Riemannian 
manifold (N,gisr), according to the conditions on the map F, the map F is said to 
be a harmonic map [I], a totally geodesic map Q], an isometric immersion [4], a 
Riemannian submersion ([11]. [18] . [8]), a Riemannian map [7 , etc. As we know, if 
we consider the notions of an isometric immersion and a Riemannian submersion 
as the Riemannian generalization of the notions of an immersion and a submersion, 
then the notion of a Riemannian map may be the Riemannian generalization of the 
notion of a subimmersion [7]. 

Given an isometric immersion F, its research is originated from Gauss' work, 
which studied surfaces in the Euclidean space R 3 and there are lots of papers and 
books on this topic. In particular, B. Y. Chen introduced and studied some no- 
tions: generic submanifolds [2] and slant submanifolds [3 . The notion of generic 
submanifolds contains the notions of real hypersurfaces, complex submanifolds, to- 
tally real submanifolds, anti-holomorphic submanifolds, purely real submanifolds, 
and CR-submanifolds. And the notion of slant submanifolds has some similari- 
ties with the notions of slant submersions [16] ; semi-slant submersions [15] . almost 
h-slant submersions [12] , almost h-semi-slant submersions [13] . slant Riemannian 
maps 17], and semi-slant Riemannian maps [14] . For the Riemannian submersion 
F, B. O'Neill [H and A. Gray [9] firstly studied the map F. Since then, there 
are several kinds of Riemannian submersions ([14]. references therein). A. Fischer 
7 defined a Riemannian map F, which generalizes and unifies the notions of an 
isometric immersion, a Riemannian submersion, and an isometry. After that, there 
are a lot of papers on this topic. Moreover, B. Sahin introduced a slant Riemannian 
map [17] and the author defined a semi-slant Riemannian map [14]. As a gener- 
alization of slant Riemannian maps [17] , semi-slant Riemannian maps [14] , almost 
h-slant submersions [12] . and almost h-semi-slant submersions [13] . we will define 
an almost h-semi-slant Riemannian map and a h-semi-slant Riemannian map. And 
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as we know, the quaternionic Kahler manifolds have applications in physics as the 
target spaces for nonlinear a— models with supersymmetry [5]. 

The paper is organized as follows. In section 2 we recall some notions, which are 
needed for later use. In section 3 we define the notions of an almost h-semi-slant 
Riemannian map and a h-semi-slant Riemannian map and obtain some properties 
on them. In section 4 using both an almost h-semi-slant Riemannian map and a 
h-semi-slant Riemannian map, we get some decomposition theorems. In section 5 
we obtain some examples. 

2. Preliminaries 

Let (M, E, g) be an almost quaternionic Hcrmitian manifold, where M is a 
4rn— dimensional diffcrcntiablc manifold, g is a Riemannian metric on M, and E is 
a rank 3 subbundle of End(TAf ) such that for any point p € M with its some neigh- 
borhood U, there exists a local basis { Ji, J2, J3} of sections of E on U satisfying 
for all a e {1,2,3} 

(2.1) j\ = —id, J a J a +l = —Ju+lJa = Ja+2, 

(2.2) g(J a X, J a Y) =g{X 1 Y) 

for all vector fields X, Y G T(TM), where the indices are taken from {1,2,3} modulo 
3. The above basis {J%, J2, J3} is said to be a quaternionic Hermitian basis. We 
call (M, E, g) a quaternionic Kahler manifold if there exist locally defined 1-fornis 
cji, 0J2, such that for a € {1,2,3} 

(2.3) V ' xJa = U a+ 2{X)J a+ i — UJ a+ i(X)J a+ 2 

for any vector field X G T(TM), where the indices are taken from {1, 2, 3} modulo 
3. If there exists a global parallel quaternionic Hermitian basis {Ji, J2, J3} of 
sections of E on M, then (M,E,g) is said to be hyperkahler. Furthermore, we call 
(Ji, J2, J3,g) a hyperkahler structure on M and g a hyperkahler metric. 

Let (M, <7m) and (N,gpj) be Riemannian manifolds, where M, N are C°°- 
manifolds and gM, 9n are Riemannian metrics on M, N, respectively. Let F : 
(M,gni) !— ^ (N,gisr) be a C°°-map. We call the map F a C°° -submersion if F 
is surjective and the differential (F*) p has a maximal rank for any p € M. The 
map F is said to be a Riemannian submersion |11] if F is a C°°-submersion and 
(F*) p : ((ker(i ;l !t ) p )- L , (g M ) p ) i-> {T F{p) N 7 (g N ) F{p) ) is a linear isometry for each 
p € M, where (kei(F^,) p ) ± is the orthogonal complement of the space ker(FH») p in 
the tangent space T p M of M at p. We call the map F a Riemannian map [7] if 
(F») p : ((ker(F H ») p ) i , (g M ) P ) i-> ((rangeF*) F ( p ), (ffjv)F(p)) is a linear isometry for 
eachp € M, where (rangeF^p^ :— (F»)p((ker(F H ») p )- L ) for p G M. 

Let (M , •/) be an almost Hermitian manifold and (N, gw) a Riemannian man- 
ifold, where J is an almost complex structure on M. Let F : (M, gM, J) H> (N, g^) 
be a C°°-map. We call the map F a slant submersion |16j if F is a Riemannian 
submersion and the angle 9 = 6{X) between JX and the space kei(F*) p is constant 
for nonzero X g ker(F*) p and p G M. 

We call the angle 9 a slant angle. 

The map F is said to be a semi-slant submersion }15j if -F is a Riemannian 
submersion and there is a distribution T>i C ker F* such that 

kerF* = Pi ©£> 2 , J(Z>i) = P x , 
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and the angle = 0(A) between JX and the space (X>2)(j is constant for nonzero 
X £ (T>2)q and q £ M, where T>2 is the orthogonal complement of T>i in kerF». 
We call the angle a semi-slant angle. 

We call the map F a slant Riemannian map |17j if F is a Riemannian map and 
the angle = 0(A) between JX and the space ker(F») p is constant for nonzero 
X £ ker(F*) p and p £ M. 

We call the angle 6 a slant angle. 

The map F is said to be a semi-slant Riemannian map |14) if F is a Riemannian 
map and there is a distribution 2?i C ker F* such that 

kerF* = V 1 Q)V 2 , J(V X ) = V x , 

and the angle 9 — 9(X) between JX and the space {T>2) q is constant for nonzero 
X £ (T>2) q and q £ M, where T>2 is the orthogonal complement of X>i in kerF». 
We call the angle 9 a semi-slant angle. 

Let (M, E, gjtf) be an almost quaternionic Hermitian manifold and (N,g^) a 
Riemannian manifold. A Riemannian submersion F : (M, E, g^) i— > (N,gpf) is 
said to be an almost h-slant submersion |12) if given a point p £ M with its some 
neighborhood [/, there exists a quaternionic Hermitian basis {J, J, K} of sections 
of F on U such that for R £ {i, J, if} the angle 9r — 6r(X) between RX and the 
space ker(F*) ? is constant for nonzero X £ ker(F*) 9 and q £ U. 

We call such a basis {/, J, if} an almost h-slant basis and the angles {9i, 9j, 9k} 
almost h-slant angles.. 

A Riemannian submersion F : [M, E, g^) H ► (A, gjv) is called a h-slant submer- 
sion |12j if given a point p £ M with its some neighborhood [/, there exists a quater- 
nionic Hermitian basis {i, J, if} of sections of E on [7 such that for i? G {I, J, if} 
the angle 9r = 9r(X) between FA and the space ker(F»)g is constant for nonzero 
X £ ker(F*), and q £ U, and 6 = 0/ = 0,/ = K - 

We call such a basis {J, J, if} a h-slant basis and the angle a h-slant angle. 

A Riemannian submersion F : (M, E, g^) i— > (iV, gjv) is called a h-semi-slant 
submersion [13] if given a point p £ M with its some neighborhood J7, there exists 
a quaternionic Hermitian basis {i, J, if} of sections of F on U such that for any 
R £ {I, J, if}, there is a distribution V\ C kerF* on E7 such that 

ker = Vi ® X> 2 , F(X>i) = X>i, 

and the angle 0# = 0,r(A) between FA and the space (T> 2) q is constant for nonzero 
X £ (T>2)q and q £ U, where T>% is the orthogonal complement of T>\ in ker F*. 

We call such a basis {i, J, if} a h-semi-slant basis and the angles {9i,9j,9k} 
h-semi-slant angles. 

Furthermore, if we have 

9 = 9j = 9 j = 9k, 

then we call the map F : [M,E, gM) H > (TV, g^v) a strictly h-semi-slant submersion, 
{I, J, if} a strictly h-semi-slant basis, and the angle a strictly h-semi-slant angle. 

A Riemannian submersion F : (M, F, <?m) | — ► (A, c/at) is called an almost h-semi- 
slant submersion [13j if given a point p £ M with its some neighborhood U, there 
exists a quaternionic Hermitian basis {i, J, if} of sections of F on U such that for 
each R £ {I, J, if}, there is a distribution T>± c kerF* on U such that 

ker F* = X>f © V^, F(2?f ) = Pf , 
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and the angle Or = 6r(X) between RX and the space i^D^) q is constant for nonzero 
X G (T>2 ') q and q £ U, where T>2 is the orthogonal complement of 2?f in kerF*. 

We call such a basis {/, J, A"} an almost h- semi- slant basis and the angles {0j, 9j, 9k} 
almost h-semi-slant angles. 

Let (M, Em, gm) and (A, Fjv, <Mr) be almost quaternionic Hcrmitian manifolds. 
A map F : M t— >• A is called a (Fm, E^)—holomorphic map if given a point x G M, 
for any J £ (Em)x there exists J' G (En)f(x) such that 

(2.4) F,oJ = J'of„ 

A Riemannian submersion F : M H> A which is a (-Em, En)— holomorphic map 
is called a quaternionic submersion. Moreover, if (M,Em,9m) is a quaternionic 
Kahler manifold (or a hyperkahler manifold) , then we say that F is a quaternionic 
Kahler submersion (or a hyperkahler submersion) |10j . 

Let F : [M,gu) H> (A, gjv) be a C°°-map. The second fundamental form of F 
is given by 

(2.5) (VF»)(X,F) := V£F*y - F*(VxF) for X, Y G L(TM), 

where V F is the pullback connection and we denote conveniently by V the Levi- 
Civita connections of the metrics gu and g^ [T]. Recall that F is said to be 
harmonic if we have the tension field t(F) := trace(V 'F*) — and we call the 
map F a totally geodesic map if (V-F*)(X,F) = for 1,7 e T(TM) pQ. Denote 
the range of F* by rangeF* as a subset of the pullback bundle F~ 1 TN . With its 
orthogonal complement (rangeF*) 1 - we obtain the following decomposition 

(2.6) F^TN = rangeF*®(rangeF*)- L . 
Moreover, we have 

(2.7) TM = kerF»© (kerF*)- 1 . 
Then we easily get 

Lemma 2.1. Le< F be a Riemannian map from a Riemannian manifold (M,gM) 
to a Riemannian manifold (N, Sat)- F/ien 

(2.8) (VF*)(A,y) G r((ran 5 eF >t ) ± ) /orl,y e TffkerF) 1 ). 

Lemma 2.2. £e£ F be a Riemannian map from a Riemannian manifold (M,gM) 
to a Riemannian manifold (N,g^). Then the map F satisfies a generalized eikonal 
equation 

(2.9) 2e(F) = ||F*|| 2 = rankF. 

As we can see, | |F» 1 1 2 is continuous on M and rank F is an integer- valued function 
on M so that rankF is locally constant. Hence, if M is connected, then rankF 
is a constant function [7]. In [7J, A. Fischer suggested that using (|2.9p . we may 
build a quantum model of nature. And if we can do it, then there will be an 
interesting relationship between the mathematical side from Riemannian maps, 
harmonic maps, and Lagrangian field theory and the physical side from Maxwell's 
equation, Schrodinger's equation, and their proposed generalization. 
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3. Almost h-semi-slant Riemannian maps 

Definition 3.1. Let (M, E, <?m) be an almost quaternionic Hcrmitian manifold and 
(N,gff) a Riemannian manifold. A Riemannian map F : (M, F, <?m) >— > (N,gis[) 
is called a h-semi-slant Riemannian map if given a point p G M with its some 
neighborhood U, there exists a quaternionic Hcrmitian basis {7, J, K} of sections 
of E on U such that for any R € {/, J,K}, there is a distribution T>i C kcrF* on 
U such that 

kerF* = V x X> 2 , F(X>i) = £>i, 
and the angle = Or{X) between RX and the space (T>2) q is constant for nonzero 
X e (2?2)g and q E U, where 2?2 is the orthogonal complement of T>i in kerF*. 

We call such a basis {I,J,K} a h-semi-slant basis and the angles {#/, 9j, 9k } 
h-semi-slant angles. 

Furthermore, if we have 

8 = 8j = 8j = 8k, 

then we call the map F : [M, E, <7m) >• (N, <7at) a strictly h-semi-slant Riemannian 
map, {I, J, K} a strictly h-semi-slant basis, and the angle 6* a strictly h-semi-slant 
angle. 

Definition 3.2. Let (M, E, (?m) be an almost quaternionic Hcrmitian manifold and 
(N,giy) a Riemannian manifold. A Riemannian map F : (M, E, <7m) l— ^ {N,gN) is 
called an almost h-semi-slant Riemannian map if given a point p E M with its some 
neighborhood [/, there exists a quaternionic Hcrmitian basis {/, J, K} of sections 
of E on £/ such that for each F e {/, J, K}, there is a distribution 2?f C kcrF* on 
U such that 

ker F* = V? @ V%, R(V?) = V? , 

and the angle 8r — 8r(X) between RX and the space (D^q is constant for nonzero 
X E (T> 2") 9 and q E U, where T>2 is the orthogonal complement of T>f in kerF*. 

We call such a basis {/, J, K} an almost h-semi-slant basis and the angles {#/, 9k} 
almost h-semi-slant angles. 

Let F : (M, E, <?m) > (N,g]y) be an almost h-semi-slant Riemannian map. Then 
given a point p E M with its some neighborhood U , there exists a quaternionic 
Hermitian basis {/, J,K} of sections of E on £/ such that for each F E {/, J,K}, 
there is a distribution 2?f C ker F* on t/ such that 

ker F* = Df X>f, F(X>f ) = X>f , 

and the angle = 6^(JT) between RX and the space (I?2% is constant for nonzero 
X E ('D^)q an< i 9 *= U, where T)^ is the orthogonal complement of T>f in kerF*. 
Then for X E r(kerF st ), we write 

(3.1) X = P R X + Q R X, 

where P R X E r(2?f ) and Q R X E F(2?«). 
For X E F(kerF*), we obtain 

(3.2) RX = <j> R X + u R X, 

where e r(kerF*) and uj r X E F((ker F*)- 1 ). 
For Z e r((kcrF*) ± ), we have 

(3.3) FZ - B R Z + C R Z, 
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where B R Z e r(kcrF„) and CrZ e r((kcrF*) ± ). 
For U e T(TM), we get 

(3.4) u = vu + nu, 

where VU e r(kerF*) and W G r((kcrF,) ± ). 
For VF e r(F- 1 T7V), we write 

(3.5) VF = PW + QW, 

where PW e T(rangeF*) and QVF e r( (rangeF* 
Then 

(3.6) (kerF,) 1 - = w R V R @^ R , 

where /x_r is the orthogonal complement of ujrT>2 in (kerF,) 1 - and is invariant 
under i?. 

Furthermore, 

foZ>f = Vt lo r V* = 0, foXf C 2? 2 fi , ^((kerF*)^) = V* 

<t>\ + B R ui R = -id, C\ + ujrBr = -id, u>R<p R + Crujr = 0, BrCr + 4>rBr = 0. 

Define the tensors T and A by 

(3.7) A E F = HVheVF + VV he HF 

(3.8) T E F = UV V eVF + VV V eUF 

for E,F <G r(TM), where V is the Levi-Civita connection of gu- 
For X,Y e r(kerF»), define 

(3.9) V X Y:=VV X Y 

(3.10) (v x <p)Y := v x ^r-^v x r 

(3.11) (V x u;)r := WxwF-wV x 7. 
Then we easily obtain 

Lemma 3.3. Let F be an almost h-semi-slant Riemannian map from a hyperkahler 
manifold (M, I , J, K, gjrf) to a Riemannian manifold (N,g^) such that (I,J,K) is 
an almost h-semi-slant basis. Then we get 

(1) 

VxfaY + TxurY = <f> R V x Y + BrTxY 
Tx^rY + UV x lorY = lorV x Y + CrTxY 
for X,Y e r(kerF,) and R E {I, J, K} . 

(2) 

VV Z B R W + AzCrW = <t> R A z W + B r HVzW 
AzBrW + HV Z C R W = cjrAzW + C R H\7 Z W 

for Z,W G r((kerF,)- L ) and R E {I, J, K}. 
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(3) 

V X B R Z + TxCrZ = cj) R TxZ + B u n^xZ 
TxB R Z + HVxC R Z = ujrTxZ + CrHVxZ 
VVz4>rX + A z ujrX = (fjRVVzX + BrAzX 
A z <PrX + U^z^rX = urVVzX + CrAzX 

/orXer(kerF,), Z G T((ker -F*) x ) ; and R E {I,J,K}. 

Using the h-semi-slant Riemannian map F, we have 

Theorem 3.4. Let F be a h-semi-slant Riemannian map from a hyperkahler man- 
ifold (M, I, J, K, gid) to a Riemannian manifold (N^g^) such that (I,J,K) is a 
h-semi-slant basis. Then the following conditions are equivalent: 

a) the complex distribution T>\ is integrable. 

b) Qi(V X <t>iY- V Y <f>iX) = andTx<t>iY = Ty4>iX for X,Y eT(V x ). 

c) Qj{V x cj>jY - V Y (f>jX) = and Tx<f>jY = Ty<f>jX for X,Y E T{Th). 

d) Q K (V X (f>KY -Vy4>kX)=Q andTxfaY = Ty4>kX for X,Y E r(X>i). 

Proof. Given X, Y E T{Vx) and R E {I, J, K}, we obtain 

R[X, Y] = R{V X Y - V Y X) = VxRY - V Y RX 

= Vx0rY - Vy4>rX + Tx4>rY - Ty4>rX. 

Hence, we get 

a) b), a) 4^ c), a) d). 
Therefore, the result follows. □ 

Theorem 3.5. Let F be a h-semi-slant Riemannian map from a hyperkahler man- 
ifold (M, I , J, K, g]\j) to a Riemannian manifold (N^g^) such that (I,J,K) is a 
h-semi-slant basis. Then the following conditions are equivalent: 

a) the slant distribution T>2 is integrable. 

b) Pi{V X (t>iY - V Y (/>iX + Tx^iY - TyloiX) = for X,Y E T(V 2 ). 

c) Pj(V x <t>jY - V Y (t>jX + TxcjjY - TyujjX) = for X, Y E T{V 2 ). 

d) Pk&x4>kY - Vy4>kX + TxlokY - T y oj k X) = for X,Y E T(V 2 ). 

Proof. Given X, Y E T(V 2 ), Z E T(Vt), and R E {L, J, K}, we obtain 
g M (R[X, Y],Z) = g M (V x RY - V Y RX, Z) 

= gAt&xfaY + Tx<\>rY + Tx^rY + HVxurY - V y 4>rX 

- Ty4>rX ~ Tyuj r X - HVyurX, Z) 
= gM{^x4>RY + TxUrY - Vy^rX - TyurX, Z). 
Since [X,Y] E r(kerF»), we get 

a) b), a) 4^ c), a) d). 
Therefore, we have the result. □ 

In the same way with the proof of Proposition 2.6 in [13] , we can show 
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Proposition 3.6. Let F be an almost h-semi-slant Riemannian map from an 
almost quaternionic Hermitian manifold (M, E, gj^) to a Riemannian manifold 
[N,gi\f). Then we have 

(3.12) cj> 2 R X = - cos 2 9 R X for X € T(V R ) and R G {/, J, K}, 

where {/, J, K} is an almost h-semi-slant basis with the almost h-semi-slant angles 
{61, 9 j, Ok}- 

Remark 3.7. In particular, it is easy to obtain that the converse of Proposition 13.61 
is also true. 

Since 

g M (cf>RX )( f> R Y) = cos 2 9 R g M {X,Y) 
g M {urX, ujrY) = sin 2 R g M (X, Y) 

for X,Y E T(D R ), if Or £ (0, — ), then we can locally choose an orthonormal frame 

{/i,secfl fl<fa/i , • • • J s ,sec0 R (j) R f s } of T> R . 

Using (|3.12[) . in a similar way with Lemma 3.5 in [14] . we can obtain 

Lemma 3.8. Let F be an almost h-semi-slant Riemannian map from a hyperkahler 
manifold (Af, I , J, K, gj^) to a Riemannian manifold (N,gpf) such that (I, J, K) is 
an almost h-semi-slant basis with the almost h-semi-slant angles {0j, 0j, 9k} ■ If the 
tensor uir is parallel, then we have 

(3.13) % r x4>rX =- cos 2 R -TxX for X S T(T> R ), 
where Re {I,J,K}. 

Given an almost h-semi-slant Riemannian map F from an almost quaternionic 
Hermitian manifold (Af, E, g^i) to a Riemannian manifold (N,gpf), for some R £ 
{J, J, K} with 9r G [0, — ), we can define an endomorphism R of kerF* by 

R := RP R + sec6 R <j> R Q R . 

Then 

(3.14) R 2 = -id on kerF,. 

Note that the distribution kerF* is integrable. But its dimension may be odd. 
With the endomorphism R we get 

Theorem 3.9. Let F be an almost h-semi-slant Riemannian map from an almost 
quaternionic Hermitian manifold (Af, E, g^) to a Riemannian manifold (N,gpj) 

7T 

with the almost h-semi-slant angles {0i,0j,0k} n ot all — . Then the fibers F~ l (x) 
are even dimensional submanifolds of M for x G M . 

Now, we consider the harmonicity of such maps. Let F be a C°°-map from a Rie- 
mannian manifold (Af, <?m) to a Riemannian manifold (N, gjv)- We can canonically 
define a function e(F) : M H> [0, oo) given by 

(3.15) e(F)(x) :— ^\(F*) X \ 2 , x G AT, 

where |(F*) X | denotes the Hilbert-Schmidt norm of (F*) x [T]. Then the function 
e(F) is said to be the energy density of F. Let D be a compact domain of M, i.e., 
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D is the compact closure U of a non-empty connected open subset U of M. The 
energy integral of F over D is the integral of its energy density: 

(3.16) E(F-D) :=J e(F)v gu = \ j \F«\\ U , 

where v 9M is the volume form on (M,g>jvr). Let C°°(M,N) denote the space of all 
C°°-maps from M to N. A C°°-map F : M h->- N is said to be harmonic if it is a 
critical point of the energy functional E( ;D) : C°°(M, N) i-> R for any compact 
domain D C M. By the result of J. Eells and J. Sampson [6], we see that the map 
F is harmonic if and only if the tension field t(F) := trace V 'F* = 0. 

Theorem 3.10. Let F be an almost h-semi-slant Riemannian map from a hy- 
perkahler manifold (M, /, J, K , gjvf) to a Riemannian manifold (TV, ^at) suc/i £/ia£ 
(I, J, K) is an almost h-semi-slant basis. Assume that H — 0, where H denotes 
the mean curvature vector field of rangeF* . Then each of the following conditions 
implies that F is harmonic. 

a) T>\ is integrable and trace (V F*) = on T)-. 

b) T>i is integrable and trace(VF*) =0 on T>2 ■ 

c) T>i is integrable and trace(V_F*) = on ■ 

Proof. Using Lemma l2.lT we get traceVF* |k er r <E T(rangeF*) and trace VF*|( korFt )i 
£ T((rangeFt,) ± ) so that from (|2.7[) . we have 

trace(VF*) — traceV-F*|k e rF, = and traceV F*\(ka f,)->- = 0. 

Moreover, we easily obtain 

traceV F*|(k er f,) 1 - = IH for Z := dim(kerF«) 

so that 

traceV-F* | (ker f, )^ = <S=> H = 0. 
Given i? e {I,J,K}, since = i?(2?f), we can choose locally an orthonormal 
frame {ei,Rei, ■ ■ ■ , e^, -Re*;} of 2?^ so that 

(VF*)CRei, flci) = -F*V Rei Rei = -F*R(V ei R ei + [Re h e,]) 

= F*Ve i e i -F*R[Re i ,e i ] = -{VF lf ){e i ,e i )-F*R[Re i ,e i ] 

for 1 < i < fe. 
Thus, 

2?f is integrable trace VF* l-pn = 0. 

Since T>2 is the orthogonal complement of 2?f in kerF*, we have the result. □ 

Using Lemma 13.81 we obtain 

Corollary 3.11. Let F be an almost h-semi-slant Riemannian map from a hy- 
perkahler manifold (M, I , J, K, g^) to a Riemannian manifold (N,gj\[) such that 
(7, J, K) is an almost h-semi-slant basis with the almost h-semi-slant angles 9j, 
9k}- Assume that H = 0. Then each of the following conditions implies that F is 
harmonic. 

a) T>{ is integrable, the tensor uj] is parallel, and 9j G [0, ^). 

b) T>f is integrable, the tensor wj is parallel, and 9j £ [0, 5). 

c) T>^ is integrable, the tensor lok is parallel, and 9k € [0, \ ). 

We now investigate the condition for such a map F to be totally geodesic. 
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Theorem 3.12. Let F be an almost h- semi- slant Riemannian map from a hy- 
perkdhler manifold (M, I, J, K, gAi) to a Riemannian manifold (iV, <?at) such that 
(I, J, K) is an almost h-semi-slant basis. Assume that Q{^^ F*Z%) = for Z\,Z 2 € 
r((kerF*) ). Then the following conditions are equivalent: 

a) F is a totally geodesic map. 

b) 

ui{V x <t>iY + TxuiY) + Ci{Tx<S>iY + HVxujiY) = 

oj^VxBjZ + TxCjZ) + diTxBiZ + HVxCiZ) = 

forX,Ye r(kerF*) and Z G r((kerF*) x ). 
c) 

ujj(V x ^jY + TxujY) + Cj(Tx<t>jY + UVxujY) = 

0Jj(V x BjZ + TxCjZ) + Cj(TxB,,Z + HWxCjZ) = 

forX,Ye r(kcrF*) and Z G r((kcrF st ) ± ). 
d) 

uk(Vx<I>kY + Txu K Y) + C k {Tx4>kY + UV x u K Y) = 
u K {VxB K Z + TxC K Z) + C K (T X B K Z + HV X C K Z) = 
for X,Y G r(kerF*) and Z G r((kerF*) ± ). 
Proof. If Zi,Z 2 E r((kerF» i ) ± ), then by Lemma O we get 

(VF t )(2i,Z 2 )=0 Q{{VF,){Z 1 ,Z 2 )) = Q(V F Zl F,Z 2 )={). 

For X, Y G r(kerF*), we obtain 
(VF*)(X,Y) = -F„(V x y) = F,(JVjc(0 7 y + 

= F.^iVjc^jK + wiVjr^/y + BrfxfrY + CiTxfaY + faTxUjY 
+ ujiTxojiY + BmVx^iY + CiUVxuiY). 

Thus, 

(vf*)(x, r) = o ^ w/ (v x 0/y + r^y) + c,(73^,y + HVx^y) = o. 

Given X G r(kerF*) and Z G r((kerF*)- L ), since (VF*)(X,Z) = (VF»)(Z,X), it 
is sufficient to consider the following case: 

(VF»)(X, Z) = -F,(VjcZ) = F^IVxiBjZ + CjZ)) 

= F^iVxBiZ + ui^xBiZ + BjTxBiZ + CiTxBiZ + <\>iT x CiZ 

+ ljiTxCjZ + BiHVxCiZ + CiHVxCjZ) 

so that 

(VF*)(X, Z) = uj i {V x B i Z + TxCiZ) + Ci(T X BiZ + UV x CiZ) = 0. 
Hence, 

a) ^ b). 

Similarly, 

a) c) and a) 4=> d). 
Therefore, we get the result. □ 
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Let F : (M, $m) h- > (N,gN) be a Riemannian map. The map F is called a 
Riemannian map with totally umbilical fibers if 

(3.17) T x Y = g M {X,Y)H for X,Y e I^kcri* 1 ,), 

where -ff is the mean curvature vector field of the fiber. 
In a similar way with Lemma 2.17 in |13j . we have 

Lemma 3.13. Let F be an almost h-semi-slant Riemannian map with totally um- 
bilical fibers from a hyperkahler manifold (M, /, J, K,gM) to a Riemannian manifold 
(N,gw) such that {I,J,K) is an almost h-semi-slant basis. Then we get 

(3.18) H G T{u) R V$) for R G {I, J, K}. 

Using Lemma T3.131 we obtain 

Corollary 3.14. Let F be an almost h-semi-slant Riemannian map with totally um- 
bilical fibers from a hyperkahler manifold (M, /, J, K^gu) to a Riemannian manifold 
(N,gw) such that (/, </, K ) is an almost h-semi-slant basis with the almost h-semi- 
slant angles {9i,9j,9k}- Assume that 9r = for some R G {L,J,K}. Then the 
fibers of F are minimal submanifolds of M . 

4. Decomposition theorems 

Let (M, <7m) be a Riemannian manifold and T> a (C°°-) distribution on M. 
The distribution T> is said to be autoparallel (or a totally geodesic foliation) if 
V x y € T(T>) for X,Y G T(D). Given an autoparallel distribution V on M, 
it is easy to see that T> is integrable and its leaves are totally geodesic in M. 
Moreover, we call the distribution T> parallel if V zY <G r(X>) for Y E r(X>) and 
Z G T(TM). Given a parallel distribution V on M, we easily obtain that its 
orthogonal complementary distribution T) 1 - is also parallel. In this case, M is 
locally a Riemannian product manifold of the leaves of V and T>^ . We can also 
obtain that if the distributions V and V 1 - are simultaneously autoparallel, then 
they are also parallel. Using this fact, we have 

Theorem 4.1. Let F be an almost h-semi-slant Riemannian map from a hy- 
perkahler manifold (M, I, J, K, gut) to a Riemannian manifold (N,giy) such that 
(J, J, K) is an almost h-semi-slant basis. Then the following conditions are equiv- 
alent: 

a) (M, <7m) is locally a Riemannian product manifold of the leaves o/kerF* and 
(kevF^' 
b) 

ui{Vx<t>iY + TxojiY) + diTxfaY + HVxuiY) =0 for X,Y e r(kerF*), 
(f)i(VVzBiW+AzCiW)+B I (AzB I W+HV z CiW) = forZ,W G r((kcrF,)- L ). 
c) 

uj{V x <j>jY + T x ujY) + Cj(T x <f>jY + UV x ujY) =0 for X, Y G r(kerF»), 
0j(VV^BjW+^CjW)+Bj(^BjW+^V^CjW) = for Z, We r((kerF*) x ). 

w K (Vxfe^ + Txlo k Y) + C k {Tx4>kY + UVx^kY) = for X,Y G r(kerF*), 
0k(VV z S k VK+^zC A :W a )+ j Bk(^ z S a ^+-HV z Ca:W^) =0 /orZ, G r((kerF») ± ). 
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Proof. Given R e {/, J, X}, for I,y e T(ker F*), wc get 

V X Y = -RVxRY = -R(V X 4> R Y + Tx^rY + T x u)rY + UV x urY) 

= -(faVxfaY + u r V x ^rY + BrTx^rY + CrTx^rY + 4>rT x urY 
+ uj r Tx^rY + B r UVxurY + CrUVxljrY). 

Thus, 

V X Y e r(kcrF») ^ u fl (V x ^y + Tx^F) + C r (Tx4>rY + HW x ^rY) = 0. 
For Z, W e r((kcrF*) ± ), we have 

V Z W = -iZVziZW = -i?(VV z £flW + ^Bjilf + .AzCW + WVzC«W) 

= -(^rVVzBrW + urVVzBrW + BrAzBrW + C R A Z B R W + <t> R A z C R W 
+ lorAzCrW + BrHVzCrW + CrHVzCrW). 

Thus, 

V Z W e r((kcrF,) ± ) 0fl(VVzBflW+>lzC7flW)+Bfl(>lzBflW+WVzCflW) = 0. 
Hence, we obtain 

a) <4> 6), a) ^> c), a) 4^ d). 
Therefore, the result follows. □ 

Theorem 4.2. Let F be a h- semi- slant Riemannian map from a hyperkahler man- 
ifold (M,I,J,K,gM) to a Riemannian manifold (N,gpf) such that (I,J,K) is a 
h-semi-slant basis. Then the following conditions are equivalent: 

a) the fibers of F are locally Riemannian product manifolds of the leaves of T>\ 
and T>2 

b) 

Qi((f>iVu<PiV + BrfufaV) = and urfufaV + dTu^iV = 
for^VeTiV,), 

Pi(<f>i(Vx<f>iY + TxujiY) + B^TxhY + HVxUiY)) = 
m{V x <t>iY + TxmY) + C^TxfrY + UVx^iY) = 

for X,YeT(V 2 ). 

c) 

Q.j{<P.j^u<t>.jV + B.,Tu<t>.jV) = and cujV u( j)jV + CjTufijV = 

forU,v erfd), 

Pj(<I>j(Vx4>jY + TxlojY) + Bj(Tx4>jY + HVxtJjY)) = 
uj(Vx4>jY + TxujY) + Cj{Tx4>jY + UVxUjY) = 
for X,YeT(V 2 ). 

d) 

Qk{4>k^u^kV + B k Tu4>kV) = and cj K ^ u( f, K V + CrTu^kV = 

forU,v er(x>i), 
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Pk(<Pk(Vx<PkY + TxuikY) + B k (Tx^kY + HV x uj k Y)) = 
uk<$x4>kY + Tx^kY) + C k (Tx^kY + UV x u; K Y) = 
for X,YeT(V 2 ). 

Proof. Given R € {I, J, K}, for U,V € T(T>i), we get 

VtrV = - JVu JV = -J{Vu<j)V + Tv4>V) 

= -{<pVu<pV + uVu<PV + BTuW + CTuW)- 

Thus, 

V V V £ V{V X ) o Q{<jNu<j>V + BTuW) = and ^uW + CTu4>V = 0. 
For X, Y e r(D 2 ), we have 

V X Y = -i?V x i?r = -R&xfaY + T x 4>rY + T x co R Y + UV x u R Y) 

= -{4>R^x(t>BY + uj R V X (t>RY + B r Xx<\>rY + CrTx^rY + <I>bTxwrY 
+ ujrTx^rY + BrHV x lurY + CrHV x ljrY). 

Thus, 

V X Y e T(V 2 ) 

Pr(<MVx<^ + Tx^F) + Br(T x ^rY + UVxlorY)) = 0, 
Wfl(V x ^ + TxwrY) + C r {Tx<I>rY + WVxw fl Y) - 0. 
Hence, we have 

a) ^ b), a) 4^ c), a) d). 
Therefore, we obtain the result. □ 

5. Examples 

Note that given an Euclidean space K 4m with coordinates (x\, a?2, • • • , X4 m ), we 
can canonically choose complex structures I, J, K on R 4m as follows: 
T< 9 ) = a I( a \ = a_ I( a \ _ a u a \ a_ 

\dXi k+1 > dx 4k+2 ' ^dx 4k+2 ' dx ik+1 ' y dx 4k+3 ' dx 4k+4 > \ dx 4k+4 > dx 4k+3 > 

j( 9 \ _ a jf a \ = §_ ji a \ = a_ J( a n _ 9 

( -6a;4fc + i' &r 4 fc+3 ' \ax 4k+ 2 J dx 4k+4 ' ^dx 4k+3 ' dx 4k+ i 7 ^dx 4k+4 > dx 4k+2 ' 

K( 9 ) = d K( 9 ) = d K( 9 ) = °— K( 9 ) = d — 

^dx 4k + i' dx 4k+4 ' \dx 4k+2 J dx 4k+ 3' y dx 4k+ 3> dx 4k+2 ' K dx 4k+4 > dx 4k+1 

for k G {0, 1, • • • ,771 — 1}. Then it is easy to check that (I,J,K,< , >) is a 
hyperkahler structure on M 4m , where < , > denotes the Euclidean metric on R 4m . 
Throughout this section, we will use these notations. 

Example 5.1. Let F be an almost h-slant submersion from an almost quaternionic 
Hermitian manifold (M, E, g^) onto a Riemannian manifold (N,g x ). Then the 
map F : (M, E, gm) i— > (N, g x ) is a h-semi-slant Riemannian map with T>2 = ker 

Example 5.2. Let F be an almost h-semi-slant submersion from an almost quater- 
nionic Hermitian manifold (M, E, g&f) onto a Riemannian manifold (N,g x ). Then 
the map F : (M, E, <7m) | — ► (N, g^) is an almost h-semi-slant Riemannian map |13) . 
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Example 5.3. Let (M,E,g) be an almost quaternionic Hermitian manifold. Let 
7r : TM ^ M be the natural projection. Then the map 7r is a strictly h-semi-slant 
Riemannian map such that T>i = ker7r» and the strictly h-semi-slant angle 9 = 

M- 

Example 5.4. Let {M,Em,9m) and (N, En , gjy) be almost quaternionic Hermit- 
ian manifolds. Let F : M \— > N be a quaternionic submersion. Then the map F 
is a strictly h-semi-slant Riemannian map such that T>\ = kerF* and the strictly 
h-semi-slant angle 9 = [TO] . 

Example 5.5. Define a map F : R 8 i-> R 4 by 

F(x\, • • • , xg) = {x2,x\ sina — £3 cosa, 2012, X4), 

where a is constant. Then the map F is a strictly h-semi-slant Riemannian map 
such that 

„ d d d d d . d 

Z>i =< - — , - — , - — , - — > and T> 2 =< cos a- h sina- — > 

0x5 oxq ox*i ox% axi 0x3 

with the strictly h-semi-slant angle 9 = ~. 

Example 5.6. Let (M, E, giw) be a 4m— dimensional almost quaternionic Her- 
mitian manifold and (N,g^) a (4m — 1)— dimensional Riemannian manifold. Let 
F : (M, E, gw) >-> (N,gw) be a Riemannian map with rankF = 4m — 1. Then the 
map F is a strictly h-semi-slant Riemannian map such that T>i = kerF* and the 
strictly h-semi-slant angle 9 = 5 • 

Example 5.7. Define a map F : R 12 H> M 5 by 

F(a5i, • • • ,212) = {xe, -j= ,c,x 4 , _ J, 

where c is constant. Then the map F is a h-semi-slant Riemannian map such that 
d d d d d d d d d d 

Vl =< "n ' « 1 « 1 "5 > and ^2 =< p— , + p— , p h ^— > 

0x9 axio oxn OT12 air2 ua^ ctei 0x3 0x5 0x7 

with the h-semi-slant angles {61 = j,9j = \-,9k = \ }• 

Example 5.8. Define a map F : R 12 i-> R 7 by 

F(xi, • • • , X12) = (x^ cos a — X7 sina, 7, xq sin /3 — xs cos/3, ccg, in, X12, £10), 

where a, /3, and 7 are constant. Then the map F is a h-semi-slant Riemannian 
map such that 

d d d d 
axi OT2 0x3 0x4 

and 

_ . d d n d , n d 

V 2 =< since- h cosa- — , cosp- h snap- — > 

0x5 0x7 OXq OXs 

with the h-semi-slant angles {61, 9 j = ^,9k} such that cos 0j = | sin(a + j3)\ and 
cos 9k = I cos(a + /3) \. 

Example 5.9. Define a map F : R 12 M- R 7 by 

F(xi, ■ ■ ■ ,xu) = (a; 3 ,x 4 ,0,a;7,a;5,x 6 ,a; 8 ). 
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Then the map F is an almost h-semi-slant Riemannian map such that 

r d d d d d d 
TV -> 

^1 ) r\ J r\ 1 ^ ' Q ' 

OX\ OX2 OXg OX10 OXn OX12 

V 1 V K d d d d 
1 1 dxg ' dxio ' <9xn ' 8x12 ' 

with the almost h-semi-slant angles {81 = 0,9j = %,0k = §}• 
Example 5.10. Define a map F : R 12 n- R 6 by 

F(xi, ■ ■ ■ ,xu) = (x2,X5,a,xi,P,x 7 ), 

where a and /3 are constant. Then the map F is an almost h-semi-slant Riemannian 
map such that 

r d d d d d d 
tv = <- ~> 

^1 ^ n > n > ^ > a > a ' 

02:3 OX4 OXg OXio OXn OX12 

„ , d d d d d d 

TV -> 

^1 1^ ?n )rx 7 ^) 

ax6 axs 0x9 axio rau 00:12 

i>" d d d d 
D K =< - ■> 

<9xg ' 9xio ' <9xn ' <9xi2 



d d d d 

3xq ' dxs ' 2 9^3 ' 8x4 



2 ^ &X3 ' 0X4 ' 9^6 ' ^ 

with the almost h-semi-slant angles {81 — £,0j — \,®K = § }■ 



d d d d 



Example 5.11. Let F be a h-semi-slant Riemannian map from an almost quater- 
nionic Hcrmitian manifold {M\ , E\ , gM t ) to a Riemannian manifold {N,g^) with 
2?2 = kerF„. Let (M2, £2, <?m 2 ) be an almost quaternionic Hermitian manifold. 
Denote by {M,E,qm) the warped product of (Mi , i?i , <7Mi ) and (M 2 , -E2, <7m 2 ) by 
a positive function 5 on M\ [8], where E = Ei x E 2 . 
Define a map F : {M,E,qm) ^ {N,qn) by 

F(x, y) = F(x) for x G Mi and y G M 2 . 

Then the map F is a h-semi-slant Riemannian map such that 

X>i = TM 2 and V 2 = kerF* 

with the h-semi-slant angles {81, 8 j, 8k}, where {/, J,K} is a h-slant basis for the 
map F with the h-semi-slant angles {81, 8 j, 9k}- 

Note that as a generalization of an almost h-slant submersion [T2], we call the 
map F an almost h-slant Riemannian map. 

References 

[1] P. Baird, J. C. Wood, Harmonic morphisms between Riemannian manifolds, Oxford science 
publications, 2003. 

[2] B. Y. Chen, Differential geometry of real submanifiods in a Kahler manifold, Monatsh. Math. 
(1981), 91, 257-274. 

[3] B. Y. Chen, Slant immersions, Bull. Austral. Math. Soc. (1990), 41 No. 1, 135-147. 



16 



KWANG-SOON PARK 



[4] B. Y. Chen, Geometry of slant submaniflods, Katholieke Universiteit Leuven, Leuven, 1990. 
[5] V. Cortes, C. Mayer, T. Mohaupt, F. Saueressig, Special geometry of Euclidean supersym- 

metry 1. Vector multiplets, J. High Energy Phys. (2004), 03, 028. 
[6] J. Eells, J. M. Sampson, Harmonic mappings of Riemannian manifolds, Amer. J. Math. 

(1964), 86, 109-160. 

[7] A. E. Fischer, Riemannian maps between Riemannian manifolds, Contemporary Math. 
(1992), 132, 331-366. 

[8] M. Falcitelli, S. Ianus, and A. M. Pastore, Riemannian submersions and related topics, World 

Scientific Publishing Co., 2004. 
[9] A. Gray, Pseudo- Riemannian almost product manifolds and submersions, J. Math. Mech. 

(1967), 16, 715-737. 

[10] S. Ianus, R. Mazzocco, G. E. Vilcu, Riemannian submersions from quaternionic manifolds , 

Acta. Appl. Math. (2008), 104, 83-89. 
[11] B. O'Neill, The fundamental equations of a submersion, Mich. Math. J., (1966), 13, 458-469. 
[12] K. S. Park, H-slant submersions, Bull. Korean Math. Soc. (2012), 49 No. 2, 329-338. 
[13] K. S. Park, H-semi-slant submersions, Preprint (2011). 
[14] K. S. Park, Semi-slant Riemannian maps, arXiv:1208.5362v2 [math. DC]. 
[15] K. S. Park, R. Prasad Semi-slant submersions, Bull. Korean Math. Soc, Accepted, 

larXiv:120l!0814V 2 [math.DG]. 
[16] B. Sahin, slant submersions from almost Hermitian manifolds, Bull. Math. Soc. Sci. Math. 

Roumanie Tome (2011), 54(102) No. 1, 93 - 105. 
[17] B. Sahin, Slant Riemannian maps from almost Hermitian manifolds, arXiv:1206.3563vl 

[math.DG]. 

[18] B. Watson, Almost Hermitian submersions, J. Differential Geom.(1976), 11(1), 147-165. 

Department of Mathematical Sciences, Seoul National University, Seoul 151-747, 
Republic of Korea 

E-mail address: parkksnOgmail.com 



